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1. (a) Use the method of characteristics to solve the following Cauchy problem

Sclution surface of u

(b) Explain why the method of characteristics is a valid solution technique based

on the relationship between the solution surface and its tangent plane.

{c) Use the method of characteristics (including your working from (a)} to solve

the following Cauchy problem

%+4§g =10, v(2,0) = 1—2*.

Contours of v

(d) The contour plot of u(xz, 1) in (a) doubles as a plot of the characteristics. Explain
why this is so, and then explain why the contour plot of v(z, ) in (c) does not

match with a plot of the characteristics.

Continued . ..
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2. Consider the following heat equation with time-independent inhomogeneity, and

time-independent initial condition and boundary conditions.

o Hu
PpE: 2% 3% _op 0<az<3, t>0:
dix? 3875 v v ‘

BCs: u{0,t) =0, u3,t) =9, >0
IC: u{z,0) = 3, <z <3

Make the substitution u(z,t) = v(z,t) + ¢(z) and show the solution to be

23 o o /nTx —n? 2t
u(z,t) = T + by, sm( ) exp ,
=1

3 27

Tt

where

2 3 22\ . /nwz
bnm-gfo (3——-é~)sm( 3 )a’.a,.

Continued ...
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3. (a) Consider the following boundary value problem

d*y , )
—+Ay = 0, y'(0) = (L) = 0.
dz?

(i) What are the eigenvalues and eigenfunctions for this boundary value prob-
lem.
(ii) Are the eigenfunctions orthonormal with respect to the weight function on

the interval [0, L].

(b) Consider the following boundary value problem

(i) Put the differential equation into self-adjoint form and find the weight

function.

(ii) The eigenvalues and eigenfunctions of the boundary value problem are

2
nm _( n=w
Ap = (log I51> and Y, = sin (logISI log]:ri) L on=1,2,3,...

Explain why the only solution to

d? dy
'”BQE%%M;;;JrSy =0, yl) =y’ =0

is the trivial solution.

Continued ...
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4. (a) The figure below shows a semi-infinite plate with given boundary conditions.
Using separation of variables and assuming that u(z,y) is bounded at y — oo,

solve Laplace’s equation on the plate.

¥

X

A

(b) Consider a circular plate of radius b whose temperature T(r,¢) is in steady
state at every point on the plate. At the outer edge of the plate, the temperature
T{b,¢) = T, (constant), and there is no change in temperature normal {o the
plate. Explain why the plot of T{r,¢) in the diagram below, could never

represent a solution to this problem.

Solution surface of T

Continued . ..
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5. Consider a semi-infinite string with initial velocity Uy(z,0) = g{x)}, initial displace-
ment {/(z,0) = f{x}, and a fixed end at x = 0.

Based on D’Alambert’s solution to the wave equation, derive the following solution

for the region = < ct

END OF EXAM PAPER
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