Pages: 6
Student 1D No: Questions : 5

UNIVERSITY OF TASMANIA

EXAMINATIONS FOR DEGREES AND DIPLOMAS
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KMAZ354 Partial Differential Equations
Applications & Methods 3

First and Only Paper

Examiner: Dr Michael Brideson

Time Allowed: TWO (2) hours.

Instructions:
- Attempt all FIVE (5) questions.
- All questions carry the same number of marks.

- Full marks can be obtained by complete answers to the equivalent of

FOUR (4) questions.
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1. (a) Consider the advection equation with linearly increasing velocity:

au au

(i) Use the method of characteristics to find the general solution.
(i) Find the particular solution when U(0,¢) = ¢,
[15 marks]
(b) A linear first order pde with constant coefficients has straight characteristics
P &

that never cross. A linear first order pde with variable coefficients may have

curved characteristics that never cross. Show these two facts to be true.

[15 marks]

Continued . ..
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2. (a) Using the Green’s function method, show that the solution to the boundary
value problem
d?U

ez U=

U(0) - U {0y =0, and U{1)=0;

is

L z sinh(z ~ 1) sinh(¢ - 1) e~
Ule) = (fn cosh(€ — 1) - sinh(§ — 1) a+ / cosh(§ — 1) — amh(§ ~ 1) d&)

(b) How is the solution modified for nonhomogeneous boundary conditions.

[30 marks]

Continued . ..
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2

d*¢
3. Helmholtz’s equation in one spatial dimension is g + k¢ = 0.

(a) Explain why either the power series method or Frobenius’ method is a viable

option to finding its solution.

(b) Use Frobenius’ method to show that the indicial equation is »(r — 1) = 0. Thus

confirm your answer from (a) by assessing the possible values for r.

(¢) Given that

o " k m)?n ' }'. ,L)Zn; 1
cos{kax) zz: (—1) W and sin(kz) = g;a(w )" Gni Dl
verify that ®(z) = Acos(kz) + Bsin(kx).
[30 marks]

Continued . ..
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4. ({(a) A unit square has the boundary conditions U(z, 0} = U(0, y) = U(z,1) = 0 and
U(1,y) = 100, Additionally, Laplace’s equation holds in its interior. Use the
separation of variables technique to find the following solution to this bound-

ary value problem:

400 i sin{(2n + 1) ry) sinh{{2n + Dr x)

Ulz,y) = 2 (2n + 1) sinh((2n + 1)7)

(b) Suppose that the nonzero boundary condition is moved so that U(x, 1) = 100
and U(1,y) = 0. What is the new solution U(z,y)? Do not go through the
process of solving the entire boundary value problem - use the solution from

(a) as a template. Justify your solution.

{c) Now suppose that the nonzero boundary conditions are changed so that U(1,y) =
Uz, 1) = 100. What is the new solution U(z,y)? Again, do not go through the

process of solving the entire boundary value problem.

[30 marks]

Continued . ..
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5. (a) D’Alambert’s solution to the infinite I-dimensional wave equation is

Ulz,t) = f($+(:t);'f(mm6t)+§1E/:Tg(s) ds .

Determine [’ Alembert’s solutions in the semi-infinite case with boundary con-

dition U(0,¢) = 0. Define the solutions in the regions # < ¢t and & > ct.

[15 marks]

(b) Consider the Sturm Liouville boundary value problem
U+ AU =0, U0y=0, and U{1) =10 .

Determine the eigenvalues, eigenfunctions, and normalised eigenfunctions (or-
thonormal functions) of this problem.

[15 marks]
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