
KMA354
Partial Differential Equations

Assignment 1. Due Friday August 10, 2012

1. Use the method of characteristics to find the general solution of each of the following.

(i) 3Ux + 5Uy − Uz = cos y − 2e−z

(ii) (x+ z)Ux + y Uy − 2Uz = 4ez

(iii) Ux1
+ x1Ux2

+ x1x2Ux3
+ x1x2x3Ux4

= 0

(iv) xUx − 7y Uy = x2 y using the change of variables α = log x and β = log y to convert

from variable coefficients to constant coefficients.

2. Solve the Cauchy system for Q1(i) with

U(x, 0, 0) = x− 2 , U(0, y, 0) =
sin(y)

5
− 2 + 3y , U(0, 0, z) = −2e−z + 18z .

3. Consider the general linear 1d advection equation

g(x, t)
∂U

∂t
+ h(x, t)

∂U

∂x
= f(x, t) .

Solve the Cauchy problem for

(i) the linear, homogeneous equation with constant coefficients:

g(x, t) = 1, h(x, t) = 3, f(x, t) = 0, U(x, 0) = x2.

(ii) the linear, nonhomogeneous equation with constant coefficients:

g(x, t) = 1, h(x, t) = 3, f(x, t) = x, U(x, 0) = x2.

(iii) the linear, homogeneous equation with variable coefficients:

g(x, t) = t, h(x, t) = x, f(x, t) = 0, U(x, 1) = 2x.

(iv) the linear, nonhomogeneous equation with variable coefficients:

g(x, t) = t, h(x, t) = x, f(x, t) = x, U(x, 1) = 2x.

(v) the nonlinear (quasilinear), homogeneous equation:

g(x, t) = 1, h(x, t) = U(x, t), f(x, t) = 0, U(x, 0) = x2.

For the appropriate nonhomogeneous problems you can use your results from the preceding

homogeneous problem.

For cases (i)-(iv) draw an xt diagram showing some characteristics and indicate what the

solution is on these characteristics. For all cases discuss any interesting features of these

solutions.

4. Consider the system of two general coupled quasilinear first-order nonhomogeneous PDEs:

aUt + b Ux + c Vt + d Vx = e

AUt +B Ux + C Vt +DVx = E

Write these two equations and the total differentials, dU and dV , as a matrix equation and find

the determinant of the 4× 4 coefficients matrix. Show then that the family of characteristic

curves is given by
dx

dt
=

B̄ ±
√
B̄2 − 4ĀC̄

2Ā

where Ā = (aC − cA), B̄ = (aD −Ad+ bC −B c), and C̄ = (bD − dB).

Describe the possible characteristic curves and classify them based on the sign of the discrim-

inant.
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