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UNIVERSITY OF TASMANIA

Examinations for Degrees and Diplomas
Semester 2 2005

KMA 150 Calculus & Applications 1
KMA 154 Calculus & Applications 1B
KMA 156 Calculus & Applications 1S

Examiners: Drs B.J. Gardner and M. Brideson

Time Allowed: THREE (3) hours.

Instructions:

— There are NINE (9) questions on the examination.
— Attempt all questions.

— All questions carry the same number of marks (30). Total available marks: 180.

9

— Full marks for this exam can be obtained for the equivalent of complete answers to SIX

(6) questions.

— Begin the answer to each whole question on a new page.



KMA150/4/6 Calculus & Applications 1/1B/1S 2

1. (a) Express the following in the form a + bi, a, b€ R
(i) (2—=14)(1—24)
o 2—3i
W 333

(b) Describe the set of points in the complex plane corresponding to the complex numbers

z for which |z —i| = |z 4+ 1].

(c) Explaining each step carefully, show that if a complex number w is a solution of a
polynomial equation

apgt+arr+...+a, 2" = 0,

where ag, a1, ..., an, € R, then its conjugate w is also a solution.

th

(d) Prove that if u is a complex n"** root of 1, then

th

(i) w1t is a complex n*™ root of 1, and

(i) u~! =w.
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2. (a) Solve the following system of equations

x 4+ y + 2z + 3w = 13
z - 2y + z + w = 8
3z +y + z — w = 1.

(b) (i) Show that a square matrix can have at most one inverse.
1 11
(ii) Find the inverseof | 0 2 3
5 5 1
(iii) Prove that if A, B are n x n matrices, A has an inverse A~! and A B = B A, then
A~'B =B A"l (Hint: Look at A~ B A).
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—322  if <0
Let f(x) =
22 if >0

(a) Use the Mid-point Rule with four subdivisions to find an approximation to
2
-2
(b) Use the Trapezoidal Rule with four subdivisions to find an approximation to
2
/ f(z) dz .
)

(¢) Find an upper bound for the error when the Trapezoidal Rule is used in (b).
K((b—a)?
12n2

(d) What approximation would Simpson’s Rule with four subdivisions give for

Error bound for Trapezoidal Rule: where [second derivative| < K.

/_22 f(x) dz .

Explain your answer carefully, but DO NOT USE THE SIMPSON’S RULE FORMULA.
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4. (a) (i) Show that the general solution to the differential equation

Yy +p@)y = g

is given by

y = ,u(lx) (/,u(:v)g(:n)d:c+0>

where p(z) = NEOLS

(ii) Hence solve the equation

(b) Solve the initial value problem
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Prove that for a, b, ¢, d € R we have

Interpret (i) in terms of properties of multiplication of complex numbers.

With the aid of a diagram, show that for a curve mapped out by the position vector
d7T(t)

dt -
An eagle is riding the air currents and its position as a function of time, is

7 (t), a tangent vector to this curve is

7 (t) =< 3cost, 3sint, t? > .

Find the velocity vector, acceleration vector, and speed at any time t.
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6. (a) For the function f(z) = 22% — 422 + 52 — 8, find
(i) the Taylor Series T'(x) about the expansion point zy = 2;

(ii) the Maclaurin Series M (x); and

(iii) comment on the significance of these results for finding the Taylor Series and Maclau-

th

rin Seris for any general n""* order polynomial g(z).

(b) (i) Write down everything you know about the following equation:

0o E ,.2k+1

. ) (-1)*x

If = ~ -

(ii) Ifsinx gzo I
for sin z actually converges to sinz Vx € R.

, use Taylor’s inequality to show that the Maclaurin series

(c) The equation of a circle of radius R centred at (x,y) = (0,R) is y*> + (z — R)> = R2

Solving for x gives two solutions

x =R+ \/R2— 2.

Concentrating on the solution z = R — / R? — y2, show that to a first term approxima-

tion, the circle approximates a parabola: i.e.

Begin by expanding the square root in terms of a Binomial series.

oo
[Recall that for appropriate conditions on z and r, (1+2)" = 1+ Z z".
k=1 \ k
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7. (a) (i) Let f(x) and g(z) be two differentiable functions of z. Derive the integration by

parts formula.

(ii) Use integration by parts to evaluate / x cosx dx.
(b) Use partial fractions to integrate the improper fraction

5114

x2—1"

(c) Use a trigonometric substitution to evaluate

22
/7@.
V9 — 22
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8. (a) A continuously differentiable function y = f(z) is defined on the interval a < x < b. For

this section of curve the arc length formula is

b/ 2
L:/ l—i—(dy) dr .
a dx

Now if z = ¢(t) and y = h(t), derive the arc length formula in terms of the parameter t.

(b) Consider the curve > = 4cos# in the interval —7/2 < 0 < 7/2.

Find its horizontal and vertical tangents;

Analyse the nature of these turning points (i.e. determine whether they are maxima
or minima);

Determine and analyse any other significant points on the curve; and

Graph the curve.

The well known definition for the area bounded by the function y = f(x), the

b b
r—axis, and the points zo = a and z1 = b is / ydr = / f(x) dz. Show that if

x = z(t) and y = y(t), the parametric form of the area formula is

2 2
Parametrise x and y in terms of ¢ for the elliptical curve given by — + v 1.
a

B2
Use the parametric form of the area formula to show that the area of the ellipse given
in (ii) is mab. You must split the ellipse into two regions and then use symmetry

arguments.
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9. The answers to question 9 must include derivations of the integral formulae.

(a) A conical tank is 10m high with a maximum radius of 5m at the top (rim). Find the
work done in pumping all the liquid to the rim of the tank, if the liquid is filled to 2m

below the rim.

(b) A rectangular swimming pool has length 50m, width 15m, and depth 2m. If it is being
filled with water at a rate of 30m?/hour, find the hydrostatic force on an end of the pool

after 9 hours.
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2—))(1—2i) = 2—i—4i+22 = —bi = bi.
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